We study a p-Laplacian elliptic equation with Hardy term and Hardy-Sobolev critical exponent, where the nonlinearity is (p -1)-sublinear near zero and (p
Introduction and main results
In this paper, we will study the existence and multiplicity of positive solutions for the fol- 
(  .  )
In recent decades, there were many authors [, -] who have studied the existence or multiplicity of solutions for elliptic equations with the operator --
But most of the authors only considered the case s = . Next we only state some most related results of (.). Han [] obtained the existence of multiplicity of positive solutions for the following equation:
where 
where
, and they obtained a positive so- 
Inspired by the above results, we shall study the existence and multiplicity of positive solutions for (.) with the nonlinearity f being (p -)-sublinear at zero and (p * (s) -)-sublinear at infinity (see the following (A  )), which is different from the above results. Due to the lack of compactness of the embeddings in W 
. To state our results, we make the following assumptions:
(A  ) f : × R + → R is nondecreasing with respect to the second variable.
Remark . In (A  ) and (A  ), we can easily check that
Now our results read as follows.
has at least two nontrivial positive solutions for every λ ∈ (, λ * ).
Remark . We should mention that the above p-Laplacian problems studied in [, -] are all not (p -)-sublinear at zero. Besides, our nonlinearity f is more general. To the best of our knowledge, our Theorems . and . are new.
A typical model of (.) is the following equation:
From [], we see that this problem has radially symmetric ground states,
and they satisfy
where U p,μ (x) = U p,μ (|x|) is the unique radial solution of this problem, satisfying
Moreover,U p,μ has the following properties:
where c  and c  are positive constants depending on p and N ; a(μ) and b(μ) are zeros of the function
The above results are useful in studying equation (.).
Remark . As μ =  and s
In Section , we will give the proof of Theorem .. In Section , we first of all give some preliminary lemmas, and then we will complete the proof of Theorem ..
Proof of Theorem 1.1
Let X := W ,p  ( ) and u ± := max{±u, }. Note that the values of f (x, t) for t <  are irrelevant in Theorems .-., so we define
The functional corresponding of (.) is
By (A  ) and the Hardy inequalities (see []), we have
. Now it is well known that there is a one-to-one correspondence between the weak solutions of (.) and the critical points of I on W ,p  ( ). More precisely, we say u ∈ W ,p  ( ) is a weak solution of (.) if
Proof of Theorem . By the Sobolev and Hardy-Sobolev inequalities, we get
and it follows from (A  ) that
uniformly for all x ∈ \ {}. Thus, we get
By (.) and (.), we have
, so there are ρ >  and λ * ∈ (, ] such that
Hence, we get
By Ekeland's variational principle in [], there is a minimizing sequence {u n } ⊂ B ρ () such that
So, we have 
∇u n → ∇u λ a.e. in ,
Thus, passing to the limit in I (u n ), v , as n → ∞, we have
Moreover, by (A  ) and the boundedness of , we have
for all x ∈ \ {}. Therefore, we deduce that
From (.) and (.), we have -
By the strong maximum principle, we have u λ > . So the proof of Theorem . is finished.
Proof of Theorem 1.2
In this section, we will look for the second positive solution by a translated functional as in [] . For fixed λ ∈ (, λ * ), we will look for the second solution of (.) of the form u = u λ + v, where u λ is the first positive solution obtained in the previous section. The corresponding equation for v is
and
Now, we have one-to-one correspondence between critical points of J in W ,p 
 ( ) and solutions of (.). That is, if
By (.) and (.), we have
Therefore, we have
By (A  ) and the boundedness of , for any ε > , there is
|x| s for x ∈ \ {} and |t| > M  ,
where C  (ε), C  (ε) > . Thus, we have
, by (.) and (.), we have
By (.) and (.), we have
, then we have
Together with (.), (.), and (.), we have
where the second inequality is due to the elementary inequality
Here,
where C  = C  + C  . It shows that {v n } is bounded in W ,p  ( ), going if necessary to a subsequence, we have 
By the Vitali theorem, we have
Hence, |x| s dx = k, k > .
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